An exact solution of the master equation for the three-photon hyper-Raman process is obtained by a matrix method. Several cases of the photon statistics are considered and the appearance of photon-antibunching effect and the violation of the classical Cauchy inequality are discussed.
I. INTRODUCTION
The photon statistics of various nonlinear optical processes has been a subject of increasing interest in recent years. In particular, photon statistics for the usual Raman process has been analyzed theoretically by Simaan in detail. ' The similar hyper-Raman (HR) process has also been studied already by Simaan, who In the interaction picture, the equation of motion for the density operator p of the coupled atoms-field system is given by the Liouville equation
We are interested in the field subsystem only so we define the reduced density matrix for it: Pf (t) =tr"P(t) = g ( W I P(t) (4) It is assumed that at time t =0, when the interaction is switched on, the radiation field and the ensemble of atoms are decoupled, and so p(0)=pf(0) Qp;(0),
II. MASTER EQUATION FOR THE FIELD
We consider a coupled system of a large number of identical two-level atoms and two single modes of the radiation field inside a cavity of volume V. We assume the atoms make transitions from the ground state 1 Jp,~{A-~)(~+» P"+ pz [(n + 1)(n +2)mP"~( n-2. , m«l) -n (n -1)(m + l)P"z~+~]I,
FIG. 1. Transition rates between photon-number states for the three-photon HR process.
where J=2P and P"=(n,m i pf~n , m ) are the diagonal elements of the field density matrix in the photonnumber representation, and measure the joint probability that n photons in the pumping mode and m photons in the Stokes mode are simultaneously present at time t. Equation (7) governs the temporal evolution of the statistical properties of the photon field. The significance of Eq. (7) can be made more intuitive in terms of "transition rates" in the space of photon-number states (n, m) of the field, as shown in Fig. 1 : the direct HR transitions (n, m)~(n -2, m +1) proceed at a rate Jp, n (n -1)(m+1)P",~while the inverse HR transitions ( n, m) +(n +2,m --1) do so at a rate Jpz(n + 1)(n +2)mP". These last transitions depend upon the population of the upper state pz, and disappear if pz --0, in which case the master equation for the diagonal matrix elements reduces to the form P"~(t) = Jn (n --1)(m + 1)P" +J(n + 1)(n +2)mP"+zT he first-order moments t, n (t) ) = g"nP"~(t) and (m(t)) = g"mP"(t) are the average values of the number of photons in either mode. Taking the time derivative of these expressions and substituting Eq. (7) into them, we find
which expresses the obvious fact that for each two photons absorbed in the pumping mode, only one photon in the Stokes mode is emitted. We can rearrange easily Eq. i.e. , P"~ (0) =Q"(0)R (0). It is also assumed that the upper-state population is negligible, p2
--0, and we can write the initial rate of the process as
where we have introduced the second-order coherence degree g"=(n(n -1))l(n) . The gain or rate of emission of Stokes photons, defined by
By summing the last two equations we obtain the conservative law thus depends on the initial statistical properties of the incident light: it is proportional to the square of the intensity (nonlinear effect) and to the degree of second-order coherence. The gain is, therefore, larger in the case of thermal incident radiation (g"' '=2) than it would be in the case of coherent incident radiation (g"' '= 1). This result agrees with the common view that light fluctuations lead to an increase in the rate at which nonlinear processes take place.
The 
and the correlation degree, defined by g, =(nm)/ (n)(m),
IV. EXACT ANALYTICAL SOLUTION OF THE MASTER EQUATION
We start with the assumption pz --0, i.e. , we disregard upward transitions in Fig. 1 Xexp[ b(-n+&J, m '-j;n'+2j, m' j)r-]P"+2~~g "+2q,~g (&) . (31) In the degenerate situation, i.e. , when there are multiple eigenvalues in the matrix M(n, m;n', m') diagonal, there will appear singularities in the rhs of Eq. (31). In that case it should be still possible to recover this formula by adding some appropriate renormalization prescription.
chaotic input photons, g~' increases initially up to values significantly higher than its mutual chaotic value which is a typical enhanced photon-bunching phenomenon.
The second-order coherence degree g"'
' (see Fig. 5 ) tends to decrease as time progresses, owing to the fact that its aver-
V. DISCUSSION
We show in Figs. 3 -7 the change, in time, of the statistical properties of the photon fields in several cases of interest, obtained by computer calculation and taking as initial conditions the coherent or chaotic distributions of photon-number probability for each of the two radiation modes involved. As is shown in Fig. 3 , the initial rate in the growing of the Stokes mode intensity is greater in the case where, initially, the incident pumping mode is chaotic. Figure 6 shows the change in time of the second-order coherence degree g' '. We note [see Fig. 6(a) ] that at time zero, there is a sudden increase in its value; this increase is quite more apparent for initially chaotic pumping light in which case g~' tends to the completely incoherent value for the Stokes mode. In both cases, after the most incoherent situation, g~' slowly decreases, but whereas curve a tends to recover the initial completely coherent situation, curve b tends to stabilize at a value near 1.5.
The behavior in time of g~' for the chaotic Stokes mode is shown in Fig. 6(b) . It can be noticed that, for Another statistical function of interest is the mutual correlation degree g, . In Fig. 7 Fig. 10 indicates that the higher the initial intensity, the sooner the discussed quantum effect is manifested.
APPENDIX
In order to find the constants CJ(I) (I corresponding to a nondegenerate chain), we use the eigenvectors "at left" 
